This paper investigates the inertial force effect on nonlinear aeroelasticity of flexible wing aircraft. The geometric are nonlinearity due to rotational and tension stiffening. The effect of large bending deflection will also be investigated. Aeroelastic analysis will be conducted for a truss-braced wing aircraft concept with nonlinear effect of large bending deflection and inertial force coupling.
I. Introduction
Modern aircraft are increasingly designed to be highly maneuverable in order to achieve high-performance mission objectives. Toward this goal, aircraft designers have been adopting light-weight, flexible, high aspect ratio wings in modern aircraft. Aircraft design concepts that take advantage of wing flexibility to increase aerodynamic performance and maneuverability have been investigated. By twisting a wing structure, an aerodynamic moment can be generated to enable an aircraft to execute a maneuver in place of the use of traditional control surfaces. For example, a rolling moment can be induced by twisting the left and right wings in the opposite direction. Similarly, a pitching moment can be generated by twisting both wings in the same direction. Wing twisting or warping for flight control is not a new concept and was used in the Wright Flyer in the 1903. The U.S. Air Force conducted the Active Flexible Wing program in the 1980's and 1990's to explore potential use of leading edge slats and trailing edge flaps to increase control effectiveness of F-16 aircraft for high speed maneuvers. 1 In the recent years, the Active Aeroelastic Wing research program also investigated a similar technology to induce wing twist in order to improve roll maneuverability of F/A-18 aircraft.
2 Wing shaping control concepts for drag reduction are being studied by NASA to leverage wing flexibility for aerodynamic performance. 3, 4 By re-twisting a flexible wing and using variable camber aerodynamic control surfaces, aircraft wings can have a mission-adaptive capability. 5 In recognition of the role of aeroelasticity on aircraft performance and dynamics, NASA Advanced Air Transport Technology (AATT) project is conducting research in the area of Performance Adaptive Aeroelastic Wing (PAAW). This research develops concepts such as the variable camber continuous trailing edge flap (VCCTEF) to enable wing shaping control for aerodynamic performance and dynamics. 6 Structural deflections of lifting surfaces interact with aerodynamic forces to create aeroelastic coupling that can affect aircraft performance. Understanding these effects can improve the prediction of aircraft flight dynamics and can provide insight into how to design a flight control system that can reduce aeroelastic interactions with a rigid-body flight controller. Generally, high aspect ratio lifting surfaces undergo a greater degree of structural deflections than low aspect ratio lifting surfaces. As a result, the natural frequencies of the aeroelastic modes decrease as the aspect ratio increases. This may reduce the desired frequency separation between flexible wing aeroelastic modes and aircraft rigid-body modes that could potentially cause undesirable flight control interactions. For example, when a pilot commands a roll maneuver, the aileron deflections can cause one or more aeroelastic wing modes to excite. The aeroelastic modes can result in changes to the intended aerodynamics of the wings, thereby potentially causing undesired aircraft responses. Aeroservoelastic filtering is a traditional method for suppressing elastic modes, but this usually comes at an expense in terms of reducing the phase margin in a flight control system. If the phase margin is significantly reduced, aircraft responses may become more sluggish to pilot commands. Consequently, with a phase lag in the control inputs, potential pilot-induced oscillations (PIOs) can occur. Numerous studies have been made to increase the understanding of the role of aeroservoelasticity in the design of flight control systems.
Due to the flexibility of modern aircraft structures, flight dynamic models of rigid-body aircraft have limitations and cannot accurately predict behaviors of flexible aircraft when aeroelastic modes participate in the rigid-body motion. Recently, some investigators have investigated theoretical approaches to developing integrated flight dynamics with aeroelasticity. Shearer develops an integrated flight dynamic model for a representative High Altitude Long Endurance (HALE) vehicle. To fully account for the multi-physics interactions that normally exist in a flexible aircraft, inertial-aeroelastic-propulsive force coupling must be addressed in aircraft aeroelasticity.
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The purpose of this study is to investigate the inertial force effect on aircraft elasticity with geometric nonlinearity due to rotational and tension stiffening. The effect of large bending deflection will also be investigated. Flutter analysis will be conducted for a truss-braced wing aircraft concept with tension stiffening.
II. Inertial Force Analysis
Consider an airfoil section on the left wing as shown in Fig. 1 undergoing bending and torsional deflections. Let (x, y, z) be the undeformed coordinates of point Q on a wing airfoil section in the reference frame D defined by unit vectors (
. Let p 0 = xd 1 be a position vector along the elastic axis. Then, point Q is defined by a position vector p = p 0 + q where q = yd 2 + zd 3 defines point Q in the y − z plane from the elastic axis. Then the undeformed local airfoil coordinates of point Q are
where η and ξ are local airfoil coordinates, and γ is the wing section pre-twist angle, positive nose-down.
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Differentiating y and z with respect to x gives Let Θ be a torsional twist angle about the x-axis, positive nose-down. Let W and V be flapwise and chordwise bending deflections of point Q, respectively. Let U be the axial displacement of point Q. Then, the displacement and rotation vectors due to the elastic deformation can be expressed as
where the subscripts x and t denote the partial derivatives of Θ, W , and V . Let (x 1 , y 1 , z 1 ) be the deformed coordinates of point Q on the airfoil in the reference frame D and
Then the coordinates (x 1 , y 1 , z 1 ) are computed as
where   
Letv = ub 1 + vb 2 + wb 3 be the aircraft velocity vector at the aircraft center of gravity (CG) where (b 1 , b 2 , b 3 ) are the unit vectors in aircraft body-fixed reference frame B in the roll, pitch, and yaw axes according to the standard aircraft convention. Let ω = pb 1 + qb 2 + rb 3 be the aircraft angular velocity vector where (p, q, r) are aircraft angular velocity components in the roll, pitch, and yaw axes. Let r a = −x a b 1 − y a b 2 − z a b 3 be the position vector of point Q in the aircraft body-fixed reference frame B relative to the aircraft CG such that x a is positive when point Q is aft of the aircraft CG, y a is positive when point Q is toward the left wing from the aircraft CG, and z a is positive when point Q is above the aircraft CG. The velocity at point Q due to the aircraft velocity and angular velocity in the reference frame D is then computed as
where
The transformation between (
The local velocity at point Q due to aircraft rigid-body dynamics and aeroelastic deflections in the reference frame D is obtained as
where ∆p = p 1 − p and
The kinetic energy is formed by
We use the method of separation of variables to express the displacements as
. Then, the virtual work quantities due to the generalized coordinates q u (t), q v (t), q w (t), and q θ (t) are computed in terms of the virtual displacements as
Let´ydA = Ae cg where A =´dA is the mass area and e cg is the offset of the CG of a wing section from the elastic axis, positive if the CG lies aft of the elastic axis. We define I xx =´ y 2 + z 2 dA, I yy =´z 2 dA, and I zz =´y 2 dA. Furthermore, We assume´zdA ≈ 0 and I yz = −´yzdA ≈ 0. Integrating the integrals that contain δV x and δW x by parts, we obtain the linear contributions of the aeroelastic deflections to the inertial forces and moment as
These equations show complex coupling of inertial forces to aeroelasticity. The terms V xtt and W xtt represent the effect of the rotary inertia in bending. The nonlinear contributions are obtained as
III. Strain Analysis
Differentiating x 1 , y 1 , and z 1 with respect to x yields
Neglecting the transverse shear effect, the longitudinal strain is computed as
s 1,x is approximated by a Taylor series as
The slope of the twist angle γ can play a significant role in structures with large twists such as turbomachinery blades. For aircraft wings, this effect is negligible and therefore can be neglected. Thus, for a small wing twist angle γ, γ ≈ 0 and s x ≈ 1. The longitudinal strain is then obtained as
The slope of the twist angle γ can play a significant role in structures with large twists such as turbomachinery blades. For aircraft wings, this effect is negligible and therefore can be neglected. Assumingz ≈ 0 and lettingȳ = e a where e a is the offset of the neutral axis on a wing section from the elastic axis, positive if the centroid lies aft of the elastic axis, then the axial force and moments acting on a wing are evaluated as
where E is the Young's modulus, G is the shear modulus, A is the tensile area, J is the torsional constant, and B i , i = 1, 2, . . . , 10 are defined as
Note that the signs of the moments are defined in the positive deflection sense such that
For truss-braced wing aircraft configurations, the effect of the axial displacement can be significant and therefore must be included in the strain analysis. Assuming the chordwise bending deflection is small and neglecting cross-product inertia I yz , B 2 , B 6 , B 7 , B 8 which are generally smaller than the remaining B i , then the following simplification can be made:
IV. Aeroelastic Analysis
In order to compute the aeroelastic forces and moments, the velocity must be transformed from the reference frame D to the airfoil local coordinate reference frame defined by (µ, η, ξ) as follows:
Neglecting higher-order terms and assuming γ ≈ 0, then the velocity components in the local coordinate reference frame are computed as
The local aeroelastic angle of attack on the airfoil section due to the velocity components v η and v ξ in the reference frame D, as shown in Fig. 8 , is computed as
The rigid-body angle of attack is computed as
Assuming z ≈ 0, then the partial derivatives of the local aeroelastic angle of attack are evaluated as shown in Table 1 . 
The partial derivatives can be read from 
For circulatory lift, the aeroelastic angle of attack is evaluated by setting y = e c where e c is the offset of the unsteady aerodynamic center at the three-quarter point from the elastic center. The circulatory lift and pitching moment coefficients are given by
where C (k) is the Theodorsen function, 10 c Lα is the lift curve slope, c mac is the pitching moment coefficient about the aerodynamic center, c is the chord length in the streamwise direction, e is the offset of the aerodynamic center from the elastic axis in the streamwise direction.
For the non-circulatory lift, we express the aeroelastic angle of attack as
where y =ȳ cos Λ andȳ is the airfoil coordinate along the streamwise direction. Then the velocity potential according to Theodorsen 11 is given by 
which yields the non-circulatory lift coefficient as
The non-circulatory pitching moment is evaluated as
The resulting expression for the non-circulatory pitching moment is obtained as
Further simplification yields
Note that
since e c − e m = c 4 . Therefore, the non-circulatory pitching moment coefficient can also be expressed as
The total lift and pitching moment coefficients are
The total aerodynamic forces and moments are due to both circulatory lift and non-circulatory lift
V. Aeroelastic Equations for Large Deflection with Axial Force under Pure Rolling Motion
Consider a special case of pure rolling motion for a highly flexible wing with large flapwise bending deflection. Assuming the effect of flapwise bending is the most dominant, then the inertia, aeroelastic, and elastic forces and moment are considered as follows:
A. Inertial Forces and Moment
Ignoring the inertial force coupling with the axial displacement and chordwise bending, the inertial forces and moment for pure rolling motion are obtained as
where ∆f
by neglecting v, w, and pz a which are assumed to be small and noting that u ≈ V ∞ .
B. Unsteady Lift and Pitching Moment
The aeroelastic angle of attack is given by
Furthermore if we neglect the contribution of the axial displacement and chordwise bending, then aeroelastic angle of attack is further simplified to
The lift and pitching coefficients can then be computed from α e (x, y) and α 2 (x, y) as follows:
If the dihedral angle is small and can be neglected, then the lift and pitching moment coefficients become
C. Elastic Forces and Moment
Retaining only the nonlinear terms with U x and W x , and assuming that e a is small, then the elastic forces and moment are given by
The resulting equilibrium equations are given by
These equations become
Neglecting the nonlinear terms with V x , the nonlinear equations are obtained as
, and Θ (x, t) = N θ (x) θ (t) . Then we obtain the following weak-form expressions
These equations constitute a set of nonlinear displacement equations which can be solved by any nonlinear root search methods.
For illustration, consider a cantilever wing with the bending stiffness EI = 2 × 10 9 e −7η and extensional stiffness EA = 9.5806 × 10 6 η 2 − 24.1861 × 10 6 η + 18.0679 × 10 6 where η = x L . The wing tip deflection is 6.21% of the wing length with the linear analysis, and is 6.03% with the nonlinear analysis. This wing tip deflection is similar to that of a conventional aluminum wing such as the Boeing 757 wing. As the bending stiffness reduces, the effect of nonlinear bending becomes more pronounced as the contribution of the nonlinear bending stiffness due to the wing bending slope W x causes the aeroelastic deflection to decrease relative to the linear aeroelastic deflection. At about 10% wing tip deflection, the effect of nonlinear bending begins to set in. This wing tip deflection is similar to that of a modern composite wing such as the Boeing 787 wing. Figure 2 illustrates the nonlinear bending of a cantilever wing. 
VI. Aeroelastic Analysis of Truss-Braced Wing Aircraft
The SUGAR Truss-Braced Wing (TBW) aircraft concept is a Boeing-developed N+3 aircraft configuration funded by NASA ARMD Fixed Wing project. [12] [13] [14] The TBW aircraft concept is designed to be aerodynamically efficient by employing a high-aspect ratio wing design. The aspect ratio of the TBW is in the order of 14 which is significantly greater than those of conventional aircraft wings. As a result, intermediate structural supports are required. The main wings are braced at approximately mid-span by two main struts. In addition, two jury struts; one on each wing, provide additional reinforcement. Figure 3 is an illustration of the TBW aircraft. Truss-braced wing aircraft concepts provide a structural solution to high aspect ratio wing aircraft designs. The long slender wing would employ structural bracing via the use of axially loaded strut members to provide intermediate span supports in addition to the wing root attachment. These struts generally support a portion of the span load carried by the wing and are loaded in tension. Under a negative-g flight condition such as during a dive, a load reversal could occur that could put the struts in compression. The compressive loading would require design considerations for buckling strength.
Under aerodynamic loading, an axially loaded member also experiences the normal bending and torsion generated by aerodynamic lift force and pitching moment. Aeroelasticity of an axially loaded structure undergoing transverse bending can be significantly different from that with transverse bending alone. The main struts and jury struts can impact aerodynamics of the main wings since they create aerodynamic interference drag that can offset the aerodynamic benefit of high-aspect ratio wing design. Thus, the TBW is designed to strive a balance between aerodynamic efficiency and structural efficiency.
A recent flutter wind tunnel test of a dynamically scaled TBW was conducted in NASA Langley Transonic Dynamic Wind Tunnel (TDT). 15 The model is 16% scaled, semi-span, wall-mounted model as shown in Fig.  4 . It was reported that the flutter speed is dependent on the angle of attack at ±1
• . 15 Test data shows that the flutter boundary for the TBW is generally lower at −1
• than at +1
• in the angle of attack. The nonlinear effect of the TBW due to axial loading has been analyzed. 16, 17 While there may be other nonlinear factors that could contribute to this observation, one plausible explanation could be the geometric nonlinear tension stiffening effect of the main struts at a positive angle of attack, and conversely the softening effect at a negative angle of attack.
A finite-element model (FEM) of the TBW is constructed that uses a total of five components. Only the right side of the aircraft is modeled, and the wing configuration is assumed to be cantilevered to the side of the fuselage. The three main physical components of the wing configuration are the wing, the strut, and the jury strut. The FEM uses lumped mass and inertia properties provided by Boeing Research & Technology.
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The lumped mass data is converted into the running mass. Extensional stiffness of the wing is not available and instead is estimated for the purpose of illustrating the nonlinear effects. Since the nonlinear effect is sensitive to the extensional stiffness, the solution can vary widely depending on the extensional stiffness. For this study, we choose the extensional stiffness EA = 3The engine-pylon mass is not available and therefore is not modeled. It should be noted that the model is not an accurate representation of the Boeing TBW model, but instead is intended for illustrative purposes only to demonstrate the nonlinear aeroelasticity with inertial force coupling. Figure 6 is the plot of the wing vertical deflection for linear and nonlinear analyses. At a 2.5-g flight load with no inertial force coupling and nonlinear tension-induced stiffness due to the strut, the vertical deflection of the wing tip is computed to be 3.1009 ft. With the tension-induced stiffness, the vertical deflection is reduced to 3.0765 ft. The effect of the nonlinear tension-induced stiffness is apparently not significant. When the nonlinear bending stiffness is accounted for, the vertical deflection is significantly reduced to a value of 2.2930 ft. Note that the linear vertical deflection is about 9% of the wing span from the strut to the wing tip. Thus, it is not unreasonable to expect that nonlinear bending effect begins to set in at this value of bending deflection. Figure 7 shows the effect of the roll rate on the wing tip deflection for linear and nonlinear analyses. As the roll rate increases, the wing tip deflection increases nonlinearly with the roll rate. The inertial force coupling of roll rate is reduced by the nonlinear tension-induced and large bending deflection. For typical transport aircraft, the maximum roll rate may be limited to about 20 deg/sec. Thus, the inertial force coupling for the TBW is not considered to be significant. However, in general, for high aspect ratio wing aircraft, the inertial force coupling can be important. Table 2 shows the frequencies for linear analysis and nonlinear analysis with and without inertial force coupling. The nonlinear effect of strut tension stiffening and large bending deflection contributes to the increase in the wing stiffness results in the frequency increase. For a roll rate of 20 deg/sec, the frequencies only change very slightly. Figures 8(a) and (b) show the frequency and damping at 2.5-g flight condition for linear analysis. As can be seen in Fig. 8(a) , the flutter speed occurs at 606 KEAS (Knot Equivalent Air Speed) corresponding to mode 5 at 2.5-g. For nonlinear analysis, the frequency and damping at 2.5-g flight condition are plotted in Figs. 9(a) and (b). Due to the nonlinear stiffness, the flutter speed increases to 643 KEAS. It should be noted that flutter is a linear aeroelasticity concept. Nonlinear aeroelasticity can give rise to limit cycle oscillations which can be analyzed more conveniently in the time domain than in the frequency domain. As future aircraft tend to employ higher-aspect ratio wing design, nonlinear aeroelasticity can become increasingly more important that will require a full nonlinear aeroelastic consideration with inertial force coupling in the initial design. Future studies will investigate the effects of large deflection on a different high aspect ratio wing aircraft model such as the Common Research Model (CRM) or by redesigning the TBW aircraft to allow larger wing deflections by reducing the effect of the strut tension.
VII. Conclusions
This paper presents an analytical method for coupling inertial forces into wing aeroelasticity. The inertial forces resulting from aircraft angular rate and acceleration interact with wing aeroelasticity in a complex manner. If aeroelastic deflections are significant, the inertial force coupling effect can introduce nonlinearity in the aeroelastic analysis. The Theodorsen's method for unsteady aerodynamics is applied to incorporate the inertial force coupling into the formulation of the aeroelastic angle of attack. Additionally, the elastic forces are moments are formulated to account for large flapwise bending. This results in a set of nonlinear aeroelastic weak-form equations. An analysis of the Truss-Braced Wing (TBW) aircraft is performed for a pure rolling motion. The analysis at 2.5-g flight loads demonstrates that the inertial force coupling causes a small increase in the wing deflection. The nonlinear tension-induced stiffness due to the strut causes a slight reduction in the wing deflection. On the other hand, the nonlinear bending effect can be significant if the wing tip bending deflection is sufficiently large. The flutter speed is shown to be highly influenced by the nonlinear bending effect which causes an increase in the flutter speed for the TBW aircraft. In practice, nonlinear bending can give rise to limit cycle oscillations which can be investigated more expediently using a time-domain analysis.
